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Abstract

In this paper I described group theoretic methods that can be used for an-

alyzing the boundary problems, which arise when the Hamiltonian method

is applied to solve the relaxed problem for the multidimensional screening

problem. This technique can provide some useful insights into the structure

of solutions and some times may help to arrive at particular solutions.
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1 INTRODUCTION

In many industries the price paid by the customers is not strictly propor-
tional to the quantity purchased. Examples include railroad tariffs, electric-
ity tariffs, and rental rates for durable goods and space. All these cases fall
into a general category of nonlinear tariffs. The major justification for the
nonlinear pricing is the existence of private information on the side of con-
sumers. Often nonlinear tariffs specify the payment as a function of a variety
of characteristics. For example, the railroad tariffs specify charges based on
weight, volume, and distance of each shipment. Different customers may
value each of these characteristics differently, hence the customer’s type will
not in general be captured by a one-dimensional characteristic and a problem
of multi-dimensional screening arises.

The general formulation of the problem of multi-dimensional screening is
due to Armstrong (1996) and Wilson (1993), and goes as follows. Consider
a multi-product monopoly producing n goods (or a good with n quality
dimensions) with a convex cost function. The preferences of a consumer
over these goods can be parameterized by an m—dimensional vector. Types
of consumers are distributed according to a density function f(-) defined

over a convex open bounded set 2 C R™. Assume that f(-) is continuously



differentiable on €2 and can be extended by continuity on its closure. The
monopolist is interested in maximizing profits by choosing a tariff, which
is a function from the set of bundles of goods to the real line. The tariff
determines how much a consumer will pay for a particular bundle of goods.

Finding the solution often involves solving a boundary problem for a
system of nonlinear partial differential equations (see, Basov (2001, 2002)).
Though no general methods for solving such problems exist, the problem
can be considerably simplified and even solved explicitly if it possesses some
symimetry.

In this paper I demonstrate how the theory of Lie groups of partial differ-
ential equations can be applied to the multidimensional screening problems.
I also give a brief outline of the theory. For a detailed exposition see, for
example, Cantwell (2002).

The paper is organized as follows. In Section 2 I formulate the monop-
olist’s problem and illustrate by an example how symmetry considerations
allow to arrive at solutions of particular problems. The example shows that
application of symmetry considerations can be executed in two steps: finding
the symmetry group of the problem and finding the invariants of this group.

In Section 3 I describe a regular way to find a symmetry group of a system



of partial differential equations. In Section 4 the linear partial differential
equation, which holds for the invariants of a group is derived. In Section
5 I revisit the example of Section 2 and solve a new example. Section 6

concludes.

2 THE MONOPOLIST’S PROBLEM AND

AN EXAMPLE

In this Section I will formulate the monopolist’s problem and illustrate by
an example how symmetry considerations may help to arrive at the solution of
a multidimensional screening problem. Consider a multi-product monopoly
producing n goods. Consumers have preferences over the bundles of these
goods that are parameterized by an m—dimensional column vectors. The
types of consumers are distributed according to a density f(-) function, on
the set 0 C R™. The set () is assumed to be open, bounded, and convex.
Furthermore, in this paper I will assume that Q = x,(a;,b;) and f is
continuous and strictly positive on a convex open subset of (2. The utility of
a consumer of type a € {2, when she consumes a bundle x € X C R’ and

makes a payment of ¢, is given by:



Ula,x,t) = Zaivi(x) —t, (1)

where each of the functions v;(-) is increasing and continuously differentiable,
and satisfies a Lipschitz condition in x on X. For a given tariff ¢t : X — R,

the firm’s profits are given by:

7= / H(x(0)) — ofz(a))] f(0)da 2)

where ¢(-) is the cost of production and z(«) is the bundle purchased by all
type-a consumers. The firm is interested in choosing a tariff ¢(-) to maximize
its profits.

Given such a tariff, let

s(a) = mazyex (U(a, z,t(z))). (3)

Thus, s(«) is the surplus of a consumer of type a who chooses a bundle

x € X that maximizes her utility. One can solve (1), (3) to get:

t(a) = Z aivi(z(a)) — s(a). (4)



It is possible to show that s(-) is continuous, convex (and, hence, almost

everywhere differentiable), and satisfies the envelope conditions:

Js
80[1‘

(o) =vi(z(a)), i =1,...,m. (5)

For a proof see Armstrong (1996).

Conditions (4) and (5) show that the monopolist can be assumed to choose
the consumer surplus s(«) subject to the envelope and convexity constraints.
The usual practice is to drop the convexity constraint and than to check
whether the solution satisfies it. The monopolist’s problem with the convex-
ity constraint dropped is called relaxed. problem.

Example 1. Let the utility of a consumer be given by:

1
U=ax——(as+c)x" —t,
Y

where o and ay are distributed independently and uniformly on (0, a) x (0, b)
(i. e. ag =0,a3 =a,b; =¢, by =b+c¢),y>1and ¢ > b/2. The cost of
production is zero. In the case v = 2, a = b = ¢ = 1 this problem was first

considered by Laffont, Maskin, and Rochet (1987) and revisited by Basov



(2001). The envelope conditions (5) imply that

S1 =T, S9 = ——.

Basov (2001) showed that if s(-) solves the monopolists problem then there

exists 1 € H'() such that the following system holds:

SQ+%SY:0

1

sy (= Dps] s+ pp = 3 - (6)

p=catag=0, p=b+catas=>b, us] ' =aat vy =a
\

Note that system (6) is invariant under the following transformation

621:60517 a:ﬁa
ay =3y, b=, = Bc - (7)

p=0"u

This implies that if s(aq, as;a, b, ¢) is a solution to (6) so is S(ay, ag; a, b, c) =
s(Bay, BTag; Ba, 570, 57¢). Since the solution to the monopolist’s problem
should be unique (see, Basov (2001)) it should depend on the invariants of

the transformation (7).



Let us introduce new variables

f = (Ozl — 510,)7/(&2 — (52b)
, (8)
C = (042 — (52())/@7
where 0; and d5 are homogenous of zero degree functions of a, b, and ¢ but
do not depend on a7 and as.

Note that both ¢ and ( are invariant under transformation (7). In this

variables the first equation of system (6) will have a form

E Vse((yse) ™ = €77) + (se = 0. (9)

Note that for s¢ to remain finite as £ — 0 it should be that s = 0. Therefore,

the non-trivial non-singular solutions of (9) are given by

1 1
T+ C, 10
¢ (10)

s(6,¢) =2

where C' is an arbitrary constant. Since surplus function (10) satisfies the

envelope conditions and is convex, it is implementable (see, Rochet (1987)).



Using (11) and the definition of ¢ one calculate that

(651 —51@ 1

o= e -

Substituting this into (6) we will get the following boundary problem for u:

(1 = d1a)puy + (g — G2b) g = (a2 — 02b) — 12

p=cata; =0, p=b+catay =0, pr’ ' =aat a; =a

The boundary conditions should be satisfied as equalities almost every-
where on the intersection of the exterior boundary with the participation
region. First, note that a continuous p could not satisfy these conditions.
Indeed, consider point (a,0). The boundary conditions imply that z(a,
0) = (a/c)"/=Y. Therefore, there is no distortion at the bottom right point.
If i1 were continuous then z'~7(a,b) = 1/ = (a/(b + )0~V which is the
efficient level. But the incentive compatibility constraint between types (a, 0)
and (a,b) implies that it should but biased downwards.

The reason for the discontinuity of p is non-smoothness of the boundary
of set €. Since z(-,-) is continuous inside the participation the solution to

(12) should be sought separately in two regions separated by an isoquant



passing through the point (a,b).

The general solution of the partial differential equation for x4 has a form

aSrer))

on = —(042—(526)+ 042—(52[)7

(13)

N

where ¢ is arbitrary continuously differentiable function. At the neighbor-

hood of point (a,0) the following boundary conditions should be satisfied:
p=catas=0, ur" ' =aat a; = a. (14)

The first boundary condition implies that ¢ = 0 and

+ 20, by = —2C
= C 04 = ——.
2 92 2, U2 3b

Using the second boundary condition and (11) one obtains:

1
Therefore,
a1 — % 1
T = v-1 16
G (16)



Note that u(a,b) = c+ 2b # b+, therefore this solution cannot be extended
to the region containing the upper boundary. The solution in that region is

given by (12) subject to

p=catas =0, u=>b+catay,=n". (17)

It is straightforward to show that (12) and (17) imply

(Sgb — b742c

. (18)
¢ = —L(3b+2¢)(b — 20)

Therefore,

4(0[1 — (51a) 1

— T, 1
o (4a2—b+20) (19)

Using continuity of z(-,-) at point (a,b) one obtains

N —

10



and

xr=0if (0%} S %
T = (%)ﬁ if oy > ¢ and (3b+ 2¢)oy — 2ac; < 2ac + ab (21)
T = (%)W_il if oy > § and (3b + 2c)ay — 2a0y > 2ac + ab
\
The optimal tariff is determined by
1
(22)

t(z) = mgx(alx - ;(&2 + )" — s(a)),

where s(-) is given by (10) with §; and J given above and C' determined

from t(0) = 0. Therefore,

_1_
-1

5T — %(% + 827, if < (32%:)7
t(x) =
1 o , 1
%(3b2f2c) = l(% + g)(sz-&(-lZc)Wﬁ + 37— %x”, if > (31)24?%)”71
(23)

If vy =2and a = b = c =1 this solution coincides with one obtained by

Laffont, Maskin, and Rochet (1987). Note that as v — oo the tariff becomes

piecewise affine
srifz <1
t(z) = : (24)
§tsrifr>1.

11



3 CALCULATING A SYMMETRY GROUP

FOR A BOUNDARY PROBLEM

In the previous Section I used symmetry considerations to arrive at the
solution of a multidimensional screening problem. Arriving at the solution
involved going through the following steps. First, it is necessary to find an
invariance group of the problem. In the example above the group is given by
transformations (6). Second, find all independent invariants of the group. In
the above example they are ¢ and (. Third, rewrite the problem in terms of
group invariants and attempt to solve it. If m > n it may happen that the
number of independent invariants of group is bigger than the number of the
instruments. In that case one the solution will depend only on n invariants.
One might try to guess from economic considerations which invariants will
enter into the solution. Such a guess, if correct, can considerably simplify the
calculations. However, while one can describe a regular procedure for the
first two steps, guessing the right set of invariants is largely an art.

In this Section I describe a regular procedure for finding a symmetry
group of the problem. Next Section deals with finding the invariants of the

group. I will give only the basic outline of the theory and will omit all proofs

12



and lengthy derivations. For the details, see Cantwell (2002). First, let us
defining the notion of a group.

Definition 1 A set G together with a binary operation m : G x G — G s
called a group if the following properties hold:

a). (Associativity) m(gy, m(g2, 9s)) = m(m(g1, 92), gs) Vg1, 92,93 € G

b). (Identity) Je € G : m(g,e) =g Vg e G

c). (Inverse) Vg € G g€ G :m(g,9) =e. g=g L.

Operation m(+, ) is usually called multiplication and denoted by -, so m(g, g2) =
g1 - ga, e is called the identity element and ¢ = ¢! is called the inverse of g
(it is straightforward to prove the identity element is unique and that each
element has a unique inverse).

Definition 2 Let (G, m) be a group and let H C G. If (H,m) is a group
on its own write it is called a subgroup of (G, m).

To check that (H,m) is a subgroup of (G,m) one has to verify that
m(hy, he) € H for any hy, he € H. If there is no confusion about operation
m one usually refers to group (G, m) simply as group G.

Intuitively, Lie group consists of elements which can be represented as
values of an analytical function of some set of real variables. In this paper

we will be interested only in the so-called one parametric Lie groups.

13



Definition 3 Let = C R™ be an open set and T € R. Assume that function
F: R"™ x R — = s infinitely differentiable in o and analytic in 7. Consider

set G of coordinate transformations

g :{a=F(a,71)}. (25)

with together with a binary operation m defined by

m(g™,g7) : {a = F(F(a,1),72)}. (26)

If (G, m) is a group it is called a one-parametric Lie group. Parameter T is
usually chose in such a way that ¢° = e.

Clearly, a set that contains one element, call it e, together with m :
G x G — @ defined by m(e, e) = e is a group. We will call such group trivial.
A group with more than one element is called non-trivial.
Proposition 1 Let (G, m) be a group and (Hy,m) and (Hy, m) its subgroups.
Let H = Hy N Hy. Then (H,m) is a subgroup of (G, m). Moreover, it is a
subgroup of (Hy,m) and (Hz,m).

Again, if there is no confusion about the nature of the group multiplica-

tion, we will simply phrase Proposition 1 as: An intersection of two subgroups

14



is a subgroup.

The proof of this proposition is trivial and is omitted. I will use it below
to construct the symmetry group for a system of partial differential equations
(PDEs). The link between a linear multidimensional screening problem and a
boundary value problem for a system of PDEs was established by Rochet and
Chone (1998) and Basov (2001) (see, also Basov (2002) for the generalization
of the results for the non-linear case). Even if the screening problem is linear
the resulting system of partial differential equation will typically be non-
linear (recall the example in the previous Section). No general technique
for solving the boundary value problem for a system of nonlinear PDEs is
available. However, if the exists a non-trivial group of transformation, which
covers both dependent and independent variables, and the parameters of the
model (in the previous example the parameters are a, b, and ¢) that leaves
the boundary problem invariant, than this often can be used to arrive at the
explicit solution.

The group of a PDE can be calculated in a systematic way. I will restrict

attention to the first and second order PDEs, since these arise in screening

15



problems. Consider a PDE:

®(a,u, Vu, D*u) = 0, (27)

where @ € R™, u : R™ — R is twice continuously differentiable, Vu is
gradient of u, D?u is the symmetric tensor of its second derivatives and
& : R™*/2H5m/2+1 _, R is a continuously differentiable function, and trans-

formation of the independent and dependent variables:

a; = F(o,u; 1) (28)

u=G(a,u;T)

where functions F; and G are infinitely differentiable in o and v and analytic

in 7, and Fj(o,u;0) = oy, G(,u;0) = u. Let us define

0 = 9L (q, u; 0)
or (29)
X = $E(a,u;0)

Then one can write up to O(7) terms:

16



a; = a; + 710 (v, u)
(30)
u=u+7x(,u)
Expression (30) is known as the infinitesimal form of (28).

Note that the transformations (28) form a one-parametric Lie group (rep-
resentation (28) is called a finite form) if we define product of two transfor-
mations to be their composition, that is define m by (26).

Definition 4 A subgroup of group (28) which leaves equation (27) invariant
18 called its symmetry group.
To calculate the symmetry group of equation (27) one has first to extend

group (28) to cover the transformations of the first and second derivatives of

u. In doing so, one arrives at the so-called twice-extended group:

a; = o + 70" (ar, u)
u=u+1x(ou)

ﬂ;i =u; + TX{i}(a7 u, VU)

Ui = iy + TX 5 (o, u, Vu, D*u)

\

17



where )

u; = Ou/da;, uy; = 0*u/dc; 0

Xgy = Dix = Y wDit’ (32)
j=1

k
Xgy = Dixj — ZujkDie
k=1

\

and the total differentiation operator D; is defined by

O | 2% (33)

Diwtenu) = 5o +wigy

The invariance group of equation (27) can be found from the condition

0D 0P & 00 & 0P
) _— - N — o — = 4

which should hold on the surface ®(a,u, Vu, D?*u) = 0. Carrying out ex-
plicit calculations will result is a system of partial differential equations for
functions (6", x). Since we have to find a symmetry group, we will be usually
interested in a particular finite parametric set of solutions to the system.
Cantwell (2002) contains a software that can deal with the problem. In

Section 5 we will illustrate this approach on some examples.

18



If one has to deal with the system of PDEs

®;(a, u, Vu, D*u) =0, i =1,..,p (35)

the above technique can be used to calculate the symmetry groups H; of each
of the equations. Then

H=n_H; (36)

will be the symmetry group of the system.

Note that since the solution to a system of PDEs is typically not unique
the fact that the system posses a symmetry group does not mean that each
solution will be invariant with respect to it. It will rather mean that the
transformations of the group will take a solution into a solution. If one
deals with a boundary value problem, the symmetry group of the equation
is typically not the symmetry group of the problem. This, however, can be
remedied if one allows transformations not only of the dependent and inde-

pendent variables, but also parameters of the model. One has to supplement

(29) with
a; = F’i(afi; a’ivu)

b = Fi(a_;, b, u)

19



and modify (30) accordingly. If the boundary problem is invariant under this
extended group of transformations then, since the solution to the boundary
value problem is usually unique, it will possesses the symmetry of the prob-
lem, i. e. will depend on variables and parameters only through the invariants
of the symmetry group. In the next Section I will provide a regular method

to find the invariants of a group.

4 FINDING THE INVARIANTS OF A LIE

GROUP

Consider a one-parametric Lie group of transformations given by (28),
whose infinitesimal form is given by (30). The main idea behind calculating
the invariance group is to calculate its infinitesimal form and then to integrate
to obtain the finite form. I will not try to justify this approach here. An
interested reader should see Cantwell (2002).

Definition 5 A continuously differentiable function Y : R™*/2+5m/2+1 _, R

is called an invariant of group (28) if Y7 >0

Y (a,u, Vu, l/)\%) = Y(a,u, Vu, D*u). (37)

20



Here Vu and D2y are calculated using twice extended group (31). Expres-
sion on the left hand side of (37) can be viewed as a function of the group
parameter 7 and the invariance condition can be read to say that it does not

depend on 7, therefore

dr

——=0 (38)

or, taking the full derivative of (37) and using 31)

m

g 0T O T O oY
07— 4 y—— ol o,
jz_; day; TXoe T kz_; iy G, T ; X{is} g 0 (39)

If the transformation affects not only the coordinates o but also vectors of
parameters a and b (as in Example 1), they should be treated as additional
arguments in Y. Note that (39) is a linear homogenous partial differential
equation. Often such an equation can be solved explicitly. We see that the
problem of finding the invariants of a group is easier than finding the sym-
metry group. However, while for the last problem we usually are interested
in finding a solution, for this problem we are usually interested in finding all
independent invariants.

Consider an important case when y = 0 (pure coordinate transformation)

and suppose we are interested in finding and invariant a function of a that

21



is invariant with respect to (30). Then (39) reduces to

jaT_

Z(’ajj—

J=1

0. (40)

This is the case that arises in the screening applications. The role of T is

played by the consumer surplus function.

5 APPLICATIONS OF THE DEVELOPED

TECHNIQUE

In this Section I give examples of applications of the developed technique.
Example 1 (revisited). Let us start with calculating the symmetry group

of boundary problem (6). First, consider the first equation of the system
! 4
S+ —s; = 0. (41)
v

Our objective is to calculate pure coordinate transformations (y = 0) that
leave equation (41) invariant. The invariance equation (34) for this case takes
the form:

X1+ Xy =0, (42)

22



where

X{1y = —s101 — s207,

(43)
1 2
X{2} = —S105 — 520,
Substituting (43) into (42) and taking into account (41) one obtains:
1 Loy gy 1o 1

Since (44) should equal to zero identically for any function s; for which
(39) has a solution coefficients before different powers of s; should vanish

simultaneously. Therefore,

The last two equations of system (45) imply that §° depends only on ;. Now,
since 67 depends only on «;, while 93 depends only on «y, the first of the

equation of system (45) implies that both of these derivatives are constant

23



and finally the solution is given by:

0' = Aoy — o) (46)

6% = Avy(ag — a3)

where A, of, and o} are arbitrary constants. The finite form of the symmetry

group of equation (41) has the form

a1 = af + (g — af) exp(AT)

ay = ab + (g — ab) exp(AvyT) - (47)
\ s=s
Introducing S by
f = exp(Ar) (48)

and putting aj = o5 = 0 one can recognize the coordinate transformation
(7). Now it is straightforward to check that in order for the second equation
of system (6) and the boundary conditions to be invariant , function p and
parameters a, b, and ¢ should transform according to (7).

So far, we have established that the boundary problem (6) is invariant

with respect to transformations (7). Since these transformations leave the

24



surplus function unchanged (5 = s), it should be under (7). To find the most
general form of such an invariant, consider equation (39), where a, b, ¢ are

treated as additional coordinates. Therefore,

O0s 0s O0s 0s O0s
alaﬁwl —+ ’70628—% + CL% -+ ’Yb% + ’}/C& = 0 (49)

To find the general solution start with writing the system of characteristics:

day  dag  da db @ ds

@ e a b e 0 i
Five independent first integrals of system (50) are
¢
b/c=C4
b/a” = Cs
q (o1 = 81(b/e,b/a)) /(g — 85(b/c,b/a?)) = Cs - (51)

(g — 02(b/c,b/a”)) /a7 = Cy

8205

Therefore, the general solution of equation (49) has a form

(a1 — 01(b/c,b/a”))? g — da(b/c,b/a) é i
az = 0a(b/e,b/ar) o =) (52)

25



Introducing ¢ and ¢ by (8) and omitting the parametric dependence one can
write s = s(, (), which is the change of variables that lead to equation (9).

Example 2. Let the individual’s utility be given by:
u(o, o, t) = oqxy + asxs + \J/ajaors —t
and the cost of production is
c(x) = %(m% + 25 + Ka3).
The set of possible types is given by
Q={a€R:: o +ay<b}, (53)

which is an open convex set of (0,b) x (0,b). The distribution of types is

given by a density function:

_exp(—ag — a)
Jons02) = = (=)

The value of the outside option is type independent and normalized to be

26



zero. It can be shown (Basov, (2002)) that if the surplus function solves the

relaxed screening problem it should satisfy the following system

2 O(zi(a, Vs) — )
Z( Oa;

—z(a, Vs) + ;) =1

2

7

(—a(xi(aézis)fai) — xi(a, VS) + Oéi) =1
1
2

)

in(a,Vs) =bfora;+as=0

=1

where

a1 ((4kag + aq)s1 — anss)
af + a3 + dkajas

as((4ray + a)sy — ay81)
a? + a3 +4dkajay

r1(o,Vs) =

ra(a, Vs) =

(54)

Calculating the symmetry group of the system (54) may seem a daunting

task. Notice, however, that this group should take the boundary a; +as = b

into itself. The most general transformation that does it has a form

o = a; — 70(a)

ay = ag + 76()

27
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Surplus function invariant with respect to transformations (56) solves

Os 0s
Assuming 6 # 0 one finds
s = (a1 + ag), (58)

where ¢ is arbitrary differentiable function. Substituting (58) into (54) one
can see that the system has a solution of this form if and only if kK = 1/2. In

this case the solution is given by

( z

go(z)z%—z—lnz—i-/%ttb)dt—l—C
1

C+p(z*)=0

¢'(27) = 0.
Using envelope conditions (5) one can find the allocation

al+a2+1)

xr1 = al(l — (a1+a2)2

To = Oég(l — %) : (60)

| 7 =2yl - )

28



Note that for x = 1/2 the optimal allocation can be found using two other
techniques developed by Armstrong (1996): using integration by rays and
showing that the optimal tariff is cost based (see, Basov (2002)). Basov
(2002) also showed that allocation (60) is implementable.

For r # 1/2 the solution cannot be found in the form (58), which implies
that # = 0 and the symmetry group of the problem (54) is trivial. In this
case the only way to solve system (54) is by numerical integration. Knowing
solution (60) is, however, useful even in this case, since implementability of
(60) implies that the numerical solution for (54) is also implementable for

sufficiently close to 1/2.!

6 DISCUSSION AND CONCLUSIONS

In this paper I described group theoretic methods that can be used for
analyzing the boundary problems, which arise when the Hamiltonian method
is applied to solve the relaxed problem for the multidimensional screening
problem. This technique can provide some useful insights into the structure

of solutions and some times may help to arrive at particular solutions.

1See Basov (2002) for the implementability condition for nonlinear problems and its
economic discussion.
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In this paper I dealt mainly with the relaxed problem (though the explicit
solutions obtained in both examples are implementable). It is well known
(see, Carlier (2002) and Basov (2002)) that the implementability constraint
can be formulated as a generalized convexity condition for surplus. There
exists now simple characterization of the set of generalized convex functions
for arbitrary utility. One might, however, hope to obtain such a characteri-
zation for a class of generalized convex functions symmetric with respect to
a particular group. This, if achieved, can allow to characterize the solution

of the complete problem in a closed form.
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Abstract

In this paper I described group theoretic methods that can be used for an-

alyzing the boundary problems, which arise when the Hamiltonian method

is applied to solve the relaxed problem for the multidimensional screening

problem. This technique can provide some useful insights into the structure

of solutions and some times may help to arrive at particular solutions.
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1 INTRODUCTION

In many industries the price paid by the customers is not strictly propor-
tional to the quantity purchased. Examples include railroad tariffs, electric-
ity tariffs, and rental rates for durable goods and space. All these cases fall
into a general category of nonlinear tariffs. The major justification for the
nonlinear pricing is the existence of private information on the side of con-
sumers. Often nonlinear tariffs specify the payment as a function of a variety
of characteristics. For example, the railroad tariffs specify charges based on
weight, volume, and distance of each shipment. Different customers may
value each of these characteristics differently, hence the customer’s type will
not in general be captured by a one-dimensional characteristic and a problem
of multi-dimensional screening arises.

The general formulation of the problem of multi-dimensional screening is
due to Armstrong (1996) and Wilson (1993), and goes as follows. Consider
a multi-product monopoly producing n goods (or a good with n quality
dimensions) with a convex cost function. The preferences of a consumer
over these goods can be parameterized by an m—dimensional vector. Types
of consumers are distributed according to a density function f(-) defined

over a convex open bounded set 2 C R™. Assume that f(-) is continuously



differentiable on €2 and can be extended by continuity on its closure. The
monopolist is interested in maximizing profits by choosing a tariff, which
is a function from the set of bundles of goods to the real line. The tariff
determines how much a consumer will pay for a particular bundle of goods.

Finding the solution often involves solving a boundary problem for a
system of nonlinear partial differential equations (see, Basov (2001, 2002)).
Though no general methods for solving such problems exist, the problem
can be considerably simplified and even solved explicitly if it possesses some
symimetry.

In this paper I demonstrate how the theory of Lie groups of partial differ-
ential equations can be applied to the multidimensional screening problems.
I also give a brief outline of the theory. For a detailed exposition see, for
example, Cantwell (2002).

The paper is organized as follows. In Section 2 I formulate the monop-
olist’s problem and illustrate by an example how symmetry considerations
allow to arrive at solutions of particular problems. The example shows that
application of symmetry considerations can be executed in two steps: finding
the symmetry group of the problem and finding the invariants of this group.

In Section 3 I describe a regular way to find a symmetry group of a system



of partial differential equations. In Section 4 the linear partial differential
equation, which holds for the invariants of a group is derived. In Section
5 I revisit the example of Section 2 and solve a new example. Section 6

concludes.

2 THE MONOPOLIST’S PROBLEM AND

AN EXAMPLE

In this Section I will formulate the monopolist’s problem and illustrate by
an example how symmetry considerations may help to arrive at the solution of
a multidimensional screening problem. Consider a multi-product monopoly
producing n goods. Consumers have preferences over the bundles of these
goods that are parameterized by an m—dimensional column vectors. The
types of consumers are distributed according to a density f(-) function, on
the set 0 C R™. The set () is assumed to be open, bounded, and convex.
Furthermore, in this paper I will assume that Q = x,(a;,b;) and f is
continuous and strictly positive on a convex open subset of (2. The utility of
a consumer of type a € {2, when she consumes a bundle x € X C R’ and

makes a payment of ¢, is given by:



Ula,x,t) = Zaivi(x) —t, (1)

where each of the functions v;(-) is increasing and continuously differentiable,
and satisfies a Lipschitz condition in x on X. For a given tariff ¢t : X — R,

the firm’s profits are given by:

7= / H(x(0)) — ofz(a))] f(0)da 2)

where ¢(-) is the cost of production and z(«) is the bundle purchased by all
type-a consumers. The firm is interested in choosing a tariff ¢(-) to maximize
its profits.

Given such a tariff, let

s(a) = mazyex (U(a, z,t(z))). (3)

Thus, s(«) is the surplus of a consumer of type a who chooses a bundle

x € X that maximizes her utility. One can solve (1), (3) to get:

t(a) = Z aivi(z(a)) — s(a). (4)



It is possible to show that s(-) is continuous, convex (and, hence, almost

everywhere differentiable), and satisfies the envelope conditions:

Js
80[1‘

(o) =vi(z(a)), i =1,...,m. (5)

For a proof see Armstrong (1996).

Conditions (4) and (5) show that the monopolist can be assumed to choose
the consumer surplus s(«) subject to the envelope and convexity constraints.
The usual practice is to drop the convexity constraint and than to check
whether the solution satisfies it. The monopolist’s problem with the convex-
ity constraint dropped is called relaxed. problem.

Example 1. Let the utility of a consumer be given by:

1
U=ax——(as+c)x" —t,
Y

where o and ay are distributed independently and uniformly on (0, a) x (0, b)
(i. e. ag =0,a3 =a,b; =¢, by =b+c¢),y>1and ¢ > b/2. The cost of
production is zero. In the case v = 2, a = b = ¢ = 1 this problem was first

considered by Laffont, Maskin, and Rochet (1987) and revisited by Basov



(2001). The envelope conditions (5) imply that

S1 =T, S9 = ——.

Basov (2001) showed that if s(-) solves the monopolists problem then there

exists 1 € H'() such that the following system holds:

SQ+%SY:0

1

sy (= Dps] s+ pp = 3 - (6)

p=catag=0, p=b+catas=>b, us] ' =aat vy =a
\

Note that system (6) is invariant under the following transformation

621:60517 a:ﬁa
ay =3y, b=, = Bc - (7)

p=0"u

This implies that if s(aq, as;a, b, ¢) is a solution to (6) so is S(ay, ag; a, b, c) =
s(Bay, BTag; Ba, 570, 57¢). Since the solution to the monopolist’s problem
should be unique (see, Basov (2001)) it should depend on the invariants of

the transformation (7).



Let us introduce new variables

f = (Ozl — 510,)7/(&2 — (52b)
, (8)
C = (042 — (52())/@7
where 0; and d5 are homogenous of zero degree functions of a, b, and ¢ but
do not depend on a7 and as.

Note that both ¢ and ( are invariant under transformation (7). In this

variables the first equation of system (6) will have a form

E Vse((yse) ™ = €77) + (se = 0. (9)

Note that for s¢ to remain finite as £ — 0 it should be that s = 0. Therefore,

the non-trivial non-singular solutions of (9) are given by

1 1
T+ C, 10
¢ (10)

s(6,¢) =2

where C' is an arbitrary constant. Since surplus function (10) satisfies the

envelope conditions and is convex, it is implementable (see, Rochet (1987)).



Using (11) and the definition of ¢ one calculate that

(651 —51@ 1

o= e -

Substituting this into (6) we will get the following boundary problem for u:

(1 = d1a)puy + (g — G2b) g = (a2 — 02b) — 12

p=cata; =0, p=b+catay =0, pr’ ' =aat a; =a

The boundary conditions should be satisfied as equalities almost every-
where on the intersection of the exterior boundary with the participation
region. First, note that a continuous p could not satisfy these conditions.
Indeed, consider point (a,0). The boundary conditions imply that z(a,
0) = (a/c)"/=Y. Therefore, there is no distortion at the bottom right point.
If i1 were continuous then z'~7(a,b) = 1/ = (a/(b + )0~V which is the
efficient level. But the incentive compatibility constraint between types (a, 0)
and (a,b) implies that it should but biased downwards.

The reason for the discontinuity of p is non-smoothness of the boundary
of set €. Since z(-,-) is continuous inside the participation the solution to

(12) should be sought separately in two regions separated by an isoquant



passing through the point (a,b).

The general solution of the partial differential equation for x4 has a form

aSrer))

on = —(042—(526)+ 042—(52[)7

(13)

N

where ¢ is arbitrary continuously differentiable function. At the neighbor-

hood of point (a,0) the following boundary conditions should be satisfied:
p=catas=0, ur" ' =aat a; = a. (14)

The first boundary condition implies that ¢ = 0 and

+ 20, by = —2C
= C 04 = ——.
2 92 2, U2 3b

Using the second boundary condition and (11) one obtains:

1
Therefore,
a1 — % 1
T = v-1 16
G (16)



Note that u(a,b) = c+ 2b # b+, therefore this solution cannot be extended
to the region containing the upper boundary. The solution in that region is

given by (12) subject to

p=catas =0, u=>b+catay,=n". (17)

It is straightforward to show that (12) and (17) imply

(Sgb — b742c

. (18)
¢ = —L(3b+2¢)(b — 20)

Therefore,

4(0[1 — (51a) 1

— T, 1
o (4a2—b+20) (19)

Using continuity of z(-,-) at point (a,b) one obtains

N —

10



and

xr=0if (0%} S %
T = (%)ﬁ if oy > ¢ and (3b+ 2¢)oy — 2ac; < 2ac + ab (21)
T = (%)W_il if oy > § and (3b + 2c)ay — 2a0y > 2ac + ab
\
The optimal tariff is determined by
1
(22)

t(z) = mgx(alx - ;(&2 + )" — s(a)),

where s(-) is given by (10) with §; and J given above and C' determined

from t(0) = 0. Therefore,

_1_
-1

5T — %(% + 827, if < (32%:)7
t(x) =
1 o , 1
%(3b2f2c) = l(% + g)(sz-&(-lZc)Wﬁ + 37— %x”, if > (31)24?%)”71
(23)

If vy =2and a = b = c =1 this solution coincides with one obtained by

Laffont, Maskin, and Rochet (1987). Note that as v — oo the tariff becomes

piecewise affine
srifz <1
t(z) = : (24)
§tsrifr>1.

11



3 CALCULATING A SYMMETRY GROUP

FOR A BOUNDARY PROBLEM

In the previous Section I used symmetry considerations to arrive at the
solution of a multidimensional screening problem. Arriving at the solution
involved going through the following steps. First, it is necessary to find an
invariance group of the problem. In the example above the group is given by
transformations (6). Second, find all independent invariants of the group. In
the above example they are ¢ and (. Third, rewrite the problem in terms of
group invariants and attempt to solve it. If m > n it may happen that the
number of independent invariants of group is bigger than the number of the
instruments. In that case one the solution will depend only on n invariants.
One might try to guess from economic considerations which invariants will
enter into the solution. Such a guess, if correct, can considerably simplify the
calculations. However, while one can describe a regular procedure for the
first two steps, guessing the right set of invariants is largely an art.

In this Section I describe a regular procedure for finding a symmetry
group of the problem. Next Section deals with finding the invariants of the

group. I will give only the basic outline of the theory and will omit all proofs

12



and lengthy derivations. For the details, see Cantwell (2002). First, let us
defining the notion of a group.

Definition 1 A set G together with a binary operation m : G x G — G s
called a group if the following properties hold:

a). (Associativity) m(gy, m(g2, 9s)) = m(m(g1, 92), gs) Vg1, 92,93 € G

b). (Identity) Je € G : m(g,e) =g Vg e G

c). (Inverse) Vg € G g€ G :m(g,9) =e. g=g L.

Operation m(+, ) is usually called multiplication and denoted by -, so m(g, g2) =
g1 - ga, e is called the identity element and ¢ = ¢! is called the inverse of g
(it is straightforward to prove the identity element is unique and that each
element has a unique inverse).

Definition 2 Let (G, m) be a group and let H C G. If (H,m) is a group
on its own write it is called a subgroup of (G, m).

To check that (H,m) is a subgroup of (G,m) one has to verify that
m(hy, he) € H for any hy, he € H. If there is no confusion about operation
m one usually refers to group (G, m) simply as group G.

Intuitively, Lie group consists of elements which can be represented as
values of an analytical function of some set of real variables. In this paper

we will be interested only in the so-called one parametric Lie groups.

13



Definition 3 Let = C R™ be an open set and T € R. Assume that function
F: R"™ x R — = s infinitely differentiable in o and analytic in 7. Consider

set G of coordinate transformations

g :{a=F(a,71)}. (25)

with together with a binary operation m defined by

m(g™,g7) : {a = F(F(a,1),72)}. (26)

If (G, m) is a group it is called a one-parametric Lie group. Parameter T is
usually chose in such a way that ¢° = e.

Clearly, a set that contains one element, call it e, together with m :
G x G — @ defined by m(e, e) = e is a group. We will call such group trivial.
A group with more than one element is called non-trivial.
Proposition 1 Let (G, m) be a group and (Hy,m) and (Hy, m) its subgroups.
Let H = Hy N Hy. Then (H,m) is a subgroup of (G, m). Moreover, it is a
subgroup of (Hy,m) and (Hz,m).

Again, if there is no confusion about the nature of the group multiplica-

tion, we will simply phrase Proposition 1 as: An intersection of two subgroups

14



is a subgroup.

The proof of this proposition is trivial and is omitted. I will use it below
to construct the symmetry group for a system of partial differential equations
(PDEs). The link between a linear multidimensional screening problem and a
boundary value problem for a system of PDEs was established by Rochet and
Chone (1998) and Basov (2001) (see, also Basov (2002) for the generalization
of the results for the non-linear case). Even if the screening problem is linear
the resulting system of partial differential equation will typically be non-
linear (recall the example in the previous Section). No general technique
for solving the boundary value problem for a system of nonlinear PDEs is
available. However, if the exists a non-trivial group of transformation, which
covers both dependent and independent variables, and the parameters of the
model (in the previous example the parameters are a, b, and ¢) that leaves
the boundary problem invariant, than this often can be used to arrive at the
explicit solution.

The group of a PDE can be calculated in a systematic way. I will restrict

attention to the first and second order PDEs, since these arise in screening

15



problems. Consider a PDE:

®(a,u, Vu, D*u) = 0, (27)

where @ € R™, u : R™ — R is twice continuously differentiable, Vu is
gradient of u, D?u is the symmetric tensor of its second derivatives and
& : R™*/2H5m/2+1 _, R is a continuously differentiable function, and trans-

formation of the independent and dependent variables:

a; = F(o,u; 1) (28)

u=G(a,u;T)

where functions F; and G are infinitely differentiable in o and v and analytic

in 7, and Fj(o,u;0) = oy, G(,u;0) = u. Let us define

0 = 9L (q, u; 0)
or (29)
X = $E(a,u;0)

Then one can write up to O(7) terms:

16



a; = a; + 710 (v, u)
(30)
u=u+7x(,u)
Expression (30) is known as the infinitesimal form of (28).

Note that the transformations (28) form a one-parametric Lie group (rep-
resentation (28) is called a finite form) if we define product of two transfor-
mations to be their composition, that is define m by (26).

Definition 4 A subgroup of group (28) which leaves equation (27) invariant
18 called its symmetry group.
To calculate the symmetry group of equation (27) one has first to extend

group (28) to cover the transformations of the first and second derivatives of

u. In doing so, one arrives at the so-called twice-extended group:

a; = o + 70" (ar, u)
u=u+1x(ou)

ﬂ;i =u; + TX{i}(a7 u, VU)

Ui = iy + TX 5 (o, u, Vu, D*u)

\

17



where )

u; = Ou/da;, uy; = 0*u/dc; 0

Xgy = Dix = Y wDit’ (32)
j=1

k
Xgy = Dixj — ZujkDie
k=1

\

and the total differentiation operator D; is defined by

O | 2% (33)

Diwtenu) = 5o +wigy

The invariance group of equation (27) can be found from the condition

0D 0P & 00 & 0P
) _— - N — o — = 4

which should hold on the surface ®(a,u, Vu, D?*u) = 0. Carrying out ex-
plicit calculations will result is a system of partial differential equations for
functions (6", x). Since we have to find a symmetry group, we will be usually
interested in a particular finite parametric set of solutions to the system.
Cantwell (2002) contains a software that can deal with the problem. In

Section 5 we will illustrate this approach on some examples.
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If one has to deal with the system of PDEs

®;(a, u, Vu, D*u) =0, i =1,..,p (35)

the above technique can be used to calculate the symmetry groups H; of each
of the equations. Then

H=n_H; (36)

will be the symmetry group of the system.

Note that since the solution to a system of PDEs is typically not unique
the fact that the system posses a symmetry group does not mean that each
solution will be invariant with respect to it. It will rather mean that the
transformations of the group will take a solution into a solution. If one
deals with a boundary value problem, the symmetry group of the equation
is typically not the symmetry group of the problem. This, however, can be
remedied if one allows transformations not only of the dependent and inde-

pendent variables, but also parameters of the model. One has to supplement

(29) with
a; = F’i(afi; a’ivu)

b = Fi(a_;, b, u)

19



and modify (30) accordingly. If the boundary problem is invariant under this
extended group of transformations then, since the solution to the boundary
value problem is usually unique, it will possesses the symmetry of the prob-
lem, i. e. will depend on variables and parameters only through the invariants
of the symmetry group. In the next Section I will provide a regular method

to find the invariants of a group.

4 FINDING THE INVARIANTS OF A LIE

GROUP

Consider a one-parametric Lie group of transformations given by (28),
whose infinitesimal form is given by (30). The main idea behind calculating
the invariance group is to calculate its infinitesimal form and then to integrate
to obtain the finite form. I will not try to justify this approach here. An
interested reader should see Cantwell (2002).

Definition 5 A continuously differentiable function Y : R™*/2+5m/2+1 _, R

is called an invariant of group (28) if Y7 >0

Y (a,u, Vu, l/)\%) = Y(a,u, Vu, D*u). (37)

20



Here Vu and D2y are calculated using twice extended group (31). Expres-
sion on the left hand side of (37) can be viewed as a function of the group
parameter 7 and the invariance condition can be read to say that it does not

depend on 7, therefore

dr

——=0 (38)

or, taking the full derivative of (37) and using 31)

m

g 0T O T O oY
07— 4 y—— ol o,
jz_; day; TXoe T kz_; iy G, T ; X{is} g 0 (39)

If the transformation affects not only the coordinates o but also vectors of
parameters a and b (as in Example 1), they should be treated as additional
arguments in Y. Note that (39) is a linear homogenous partial differential
equation. Often such an equation can be solved explicitly. We see that the
problem of finding the invariants of a group is easier than finding the sym-
metry group. However, while for the last problem we usually are interested
in finding a solution, for this problem we are usually interested in finding all
independent invariants.

Consider an important case when y = 0 (pure coordinate transformation)

and suppose we are interested in finding and invariant a function of a that

21



is invariant with respect to (30). Then (39) reduces to

jaT_

Z(’ajj—

J=1

0. (40)

This is the case that arises in the screening applications. The role of T is

played by the consumer surplus function.

5 APPLICATIONS OF THE DEVELOPED

TECHNIQUE

In this Section I give examples of applications of the developed technique.
Example 1 (revisited). Let us start with calculating the symmetry group

of boundary problem (6). First, consider the first equation of the system
! 4
S+ —s; = 0. (41)
v

Our objective is to calculate pure coordinate transformations (y = 0) that
leave equation (41) invariant. The invariance equation (34) for this case takes
the form:

X1+ Xy =0, (42)

22



where

X{1y = —s101 — s207,

(43)
1 2
X{2} = —S105 — 520,
Substituting (43) into (42) and taking into account (41) one obtains:
1 Loy gy 1o 1

Since (44) should equal to zero identically for any function s; for which
(39) has a solution coefficients before different powers of s; should vanish

simultaneously. Therefore,

The last two equations of system (45) imply that §° depends only on ;. Now,
since 67 depends only on «;, while 93 depends only on «y, the first of the

equation of system (45) implies that both of these derivatives are constant

23



and finally the solution is given by:

0' = Aoy — o) (46)

6% = Avy(ag — a3)

where A, of, and o} are arbitrary constants. The finite form of the symmetry

group of equation (41) has the form

a1 = af + (g — af) exp(AT)

ay = ab + (g — ab) exp(AvyT) - (47)
\ s=s
Introducing S by
f = exp(Ar) (48)

and putting aj = o5 = 0 one can recognize the coordinate transformation
(7). Now it is straightforward to check that in order for the second equation
of system (6) and the boundary conditions to be invariant , function p and
parameters a, b, and ¢ should transform according to (7).

So far, we have established that the boundary problem (6) is invariant

with respect to transformations (7). Since these transformations leave the

24



surplus function unchanged (5 = s), it should be under (7). To find the most
general form of such an invariant, consider equation (39), where a, b, ¢ are

treated as additional coordinates. Therefore,

O0s 0s O0s 0s O0s
alaﬁwl —+ ’70628—% + CL% -+ ’Yb% + ’}/C& = 0 (49)

To find the general solution start with writing the system of characteristics:

day  dag  da db @ ds

@ e a b e 0 i
Five independent first integrals of system (50) are
¢
b/c=C4
b/a” = Cs
q (o1 = 81(b/e,b/a)) /(g — 85(b/c,b/a?)) = Cs - (51)

(g — 02(b/c,b/a”)) /a7 = Cy

8205

Therefore, the general solution of equation (49) has a form

(a1 — 01(b/c,b/a”))? g — da(b/c,b/a) é i
az = 0a(b/e,b/ar) o =) (52)

25



Introducing ¢ and ¢ by (8) and omitting the parametric dependence one can
write s = s(, (), which is the change of variables that lead to equation (9).

Example 2. Let the individual’s utility be given by:
u(o, o, t) = oqxy + asxs + \J/ajaors —t
and the cost of production is
c(x) = %(m% + 25 + Ka3).
The set of possible types is given by
Q={a€R:: o +ay<b}, (53)

which is an open convex set of (0,b) x (0,b). The distribution of types is

given by a density function:

_exp(—ag — a)
Jons02) = = (=)

The value of the outside option is type independent and normalized to be
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zero. It can be shown (Basov, (2002)) that if the surplus function solves the

relaxed screening problem it should satisfy the following system

2 O(zi(a, Vs) — )
Z( Oa;

—z(a, Vs) + ;) =1

2

7

(—a(xi(aézis)fai) — xi(a, VS) + Oéi) =1
1
2

)

in(a,Vs) =bfora;+as=0

=1

where

a1 ((4kag + aq)s1 — anss)
af + a3 + dkajas

as((4ray + a)sy — ay81)
a? + a3 +4dkajay

r1(o,Vs) =

ra(a, Vs) =

(54)

Calculating the symmetry group of the system (54) may seem a daunting

task. Notice, however, that this group should take the boundary a; +as = b

into itself. The most general transformation that does it has a form

o = a; — 70(a)

ay = ag + 76()

27
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Surplus function invariant with respect to transformations (56) solves

Os 0s
Assuming 6 # 0 one finds
s = (a1 + ag), (58)

where ¢ is arbitrary differentiable function. Substituting (58) into (54) one
can see that the system has a solution of this form if and only if kK = 1/2. In

this case the solution is given by

( z

go(z)z%—z—lnz—i-/%ttb)dt—l—C
1

C+p(z*)=0

¢'(27) = 0.
Using envelope conditions (5) one can find the allocation

al+a2+1)

xr1 = al(l — (a1+a2)2

To = Oég(l — %) : (60)

| 7 =2yl - )
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Note that for x = 1/2 the optimal allocation can be found using two other
techniques developed by Armstrong (1996): using integration by rays and
showing that the optimal tariff is cost based (see, Basov (2002)). Basov
(2002) also showed that allocation (60) is implementable.

For r # 1/2 the solution cannot be found in the form (58), which implies
that # = 0 and the symmetry group of the problem (54) is trivial. In this
case the only way to solve system (54) is by numerical integration. Knowing
solution (60) is, however, useful even in this case, since implementability of
(60) implies that the numerical solution for (54) is also implementable for

sufficiently close to 1/2.!

6 DISCUSSION AND CONCLUSIONS

In this paper I described group theoretic methods that can be used for
analyzing the boundary problems, which arise when the Hamiltonian method
is applied to solve the relaxed problem for the multidimensional screening
problem. This technique can provide some useful insights into the structure

of solutions and some times may help to arrive at particular solutions.

1See Basov (2002) for the implementability condition for nonlinear problems and its
economic discussion.
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In this paper I dealt mainly with the relaxed problem (though the explicit
solutions obtained in both examples are implementable). It is well known
(see, Carlier (2002) and Basov (2002)) that the implementability constraint
can be formulated as a generalized convexity condition for surplus. There
exists now simple characterization of the set of generalized convex functions
for arbitrary utility. One might, however, hope to obtain such a characteri-
zation for a class of generalized convex functions symmetric with respect to
a particular group. This, if achieved, can allow to characterize the solution

of the complete problem in a closed form.
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